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Abstract. Using the Bernstein theorem we give a simple proof of the complete mono-
tonicity of the three parameter generalized Mittag-Leffler function E
γ
α,β
(−x) for x ≥ 0 and
suitably adjusted parameters α, β and γ.
The three parameter generalization of theMittag-Leffer function, in the literature bear-
ing the name of the Prabhakar function 1, was introduced by T. R. Prabhakar [1] as
E
γ
α,β
(z) =
∞∑
r=0
(γ)r
r!Γ(αr + β)
zr (1)
where z ∈ C , Re(α) > 0 and the Pochhammer symbol (γ)r denotes Γ(γ + r)/Γ(γ). For
β = γ = 1 it reduces to the standardMittag-Leffler function Eα(z), while for γ = 1 becomes
two parameter generalized Mittag-Leffler function Eα,β(z), named also the Wiman one [2].
Our aim is to give a simple proof of the complete monotonicity of E
γ
α,β
(−x) for x ≥ 0 and
suitably adjusted parameters α, β and γ.
Properties of functions belonging the Mittag-Leffler family, especially those involving
complete monotonicity (for the first time being studied in classical papers by H. Pollard
[3] and W. R. Schneider [4]) are interesting both for mathematicians and physicists. For
the first of these communities various Mittag-Leffler functions are important objects in the
theory and applications of special functions [5, 6, 7], fractional calculus and fractional dif-
ferential equations [2, 8], while the representatives of the second community successfully
useMittag-Leffler functions to describe phenomena exhibiting the memory-dependent time
evolution, like dielectric relaxation [9, 10] and/or viscoelasticity [8, 11]. The complete
monotonicity enables using the Bernstein theorem (see, e.g., [12] Theorem 12a, [13] The-
orem 1.4) which leads to one to one correspondence between completely monotonic func-
tions and Laplace transforms of probability measures supported on R+. This has a straight-
forward physical interpretation - time decay patterns, if given by completely monotone
functions of time, may be represented as effects of summing up elementary Debye (expo-
nential) decays exp(−t/τ) weighted by distributions of characteristic decay times τ. An
example of such approach is provided by a commonly met relaxation pattern called the
Havriliak-Negami model [14]. The latter is based on the phenomenologically observed
spectral function in the (complex) frequency domain (1 + sα)−γ, where s = iωτ∗ with ω
being the frequency and τ∗ denotes some effective characteristic time [15]. Taking the
1In physically oriented papers this name is sometimes used also for xβ−1Eγ
α,β
(−xα).
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inverse Laplace transform of the formula (2.5) in [1]
L[tβ−1Eγ
α,β
(−xtα)](s) = s
αγ−β
(x + sα)γ
, (2)
valid for Re(s),Re(β) > 0 and |s| > |x|1/Re(α), we conclude that the three parameter gen-
eralized Mittag-Leffler function E
γ
α,αγ(−xtα), taken for β = αγ and multiplied by a pre-
factor tαγ−1, may be interpreted as a response function giving the time decay of polariz-
ation induced in some dielectric medium described using the Havriliak-Negami pattern
[8, 16]. This property links the Mittag-Leffler functions and the Havriliak-Negami model
and provokes to ask the physically motivated question: Do such obtained functions result
from summing up the Debye relaxation processes? To answer it, in view of the Bernstein
theorem, is equivalent to judging the problem of complete monotonicity of the function
tαγ−1Eγα,αγ(−xtα).
Properties of the function tβ−1Eγ
α,β
(−xtα) have been recently the subject of extensive
investigations [17, 18, 19] where the authors have shown that tβ−1Eγ
α,β
(−xtα) is completely
monotone for x, t ≥ 0 and parameters satisfying 0 < α, β, γ ≤ 1 and 0 < αγ ≤ β ≤
1. Proving the complete monotonicity of tβ−1Eγ
α,β
(−xtα) the authors of [17, 18, 19] have
treated this function as a whole and have not investigated the complete monotonicity of the
function E
γ
α,β
(−x) itself, leaving a gap between their results and the classical ones of Pollard
[3] and Schneider [4] who, in 1948 and 1996 respectively, demonstrated the complete
monotonicity of the Mittag-Leffler function Eα(−x) for x ≥ 0, 0 ≤ α ≤ 1 and of the
Wiman function Eα,β(−x) for x ≥ 0, 0 ≤ α ≤ 1 and β restricted only by the condition
β ≥ α. Thus, according to the Schneider result, the complete monotonicity of Eα,β(−x)
does not require any upper bound put on the parameter β. This observation has motivated
us to investigate the complete monotonicity of E
γ
α,β
(−x) and to clarify the meaning of the
conditions 0 ≤ β ≤ 1 and 0 < αγ ≤ β ≤ 1 obtained in [17, 18, 19] to guarantee the
complete monotonicity of tβ−1Eγ
α,β
(−xtα).
Inverting the Laplace transform Eq. (2) and extracting the Mittag-Leffler function we
have
E
γ
α,β
(−xtα) = t
1−β
2pii
∫
Ls
est
sαγ−β
(sα + x)γ
ds (3)
where Ls is the Bromwich contour with Re(s) > 0. Changing the variable st = ξ
1/α and
next using formula 2.3.3.1 of [20]
(ξ + xtα)−γ =
1
Γ(γ)
∫ ∞
0
e−(ξ+xt
α)u uγ−1 du , (4)
we arrive at
E
γ
α,β
(−xtα) = 1
2piiα
∫
Lξ
eξ
1/α
ξ
αγ−β+1
α
−1
[
1
Γ(γ)
∫ ∞
0
e−(ξ+xt
α)u uγ−1 du
]
dξ. (5)
These steps are legitimate as by the substitution ξ = (st)α one transforms the integration
contour Ls into Lξ and obviously Re(ξ) = |s|αtα cos
(
α arg(s)
)
> 0, therefore the conver-
gence of integral (4) is controlled. Both integrals in Eq. (5) converge absolutely so we are
allowed to change the order of integration. This gives
E
γ
α,β
(−xtα) = 1
α
∫ ∞
0
e−xt
αu u−1−
1
α g
γ
α,β
(u−1/α) du, (6)
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with
g
γ
α,β
(y) =
y−1−αγ
2piiΓ(γ)
∫
Lξ
eξ
1/α
e−ξy
−α
ξ
αγ−β+1
α
−1 dξ. (7)
Let’s put ξy−α = zα in the definition of gγ
α,β
(y). Then
g
γ
α,β
(y) =
α
Γ(γ)
y−β f γ
α,β
(y), f
γ
α,β
(y) =
1
2pii
∫
Lz
eyz zαγ−β e−z
α
dz, (8)
where the function f
γ
α,β
(y) is an auxiliary quantity which we will use to prove the nonneg-
ativity of g
γ
α,β
(y) for y > 0. We remind, recalling once more the Bernstein theorem, that
f
γ
α,β
(y) would be nonnegative on R+ iff its Laplace transform is completely monotone. The
latter, because of the second expression in Eq. (8), reads∫ ∞
0
e−yz f γ
α,β
(y) dy = zαγ−β e−z
α
. (9)
The general property of completely monotone functions says that the product of two com-
pletely monotone functions also obeys this property. So it is enough to show that e−z
α
and
zαγ−β are completely monotone. The complete monotonicity of the stretched exponential
e−z
α
for 0 < α < 1 was shown in [21], whereas zαγ−β is completely monotone if γ > 0
and β ≥ αγ. Thus for such parameters f γ
α,β
(y) is nonnegative on R+ and so is the function
u
1
α
(β−α−1) f γ
α,β
(u−
1
α ) in Eq. (6); renaming there xtα as w we see that E
γ
α,β
(−w) is the Laplace
transform of a nonnegative function which ends up the proof of its complete monotonicity.
The obtained results enable us to claim that the three parameter generalized Mittag-
Leffler function E
γ
α,β
(−x) is completely monotone if 0 < α < 1, γ > 0, and β ≥ αγ.
We point out that the restriction β < 1 (appearing in [17, 18, 19]) explains the complete
monotonicity of tβ−1Eγ
α,β
(−tα) as a result of completely monotone substitution x → tα in
E
γ
α,β
(−x) 2 and next taking the product of completely monotone functions. However it is
not needed for E
γ
α,β
(−x) itself; observe also that our conditions for α, β and γ fully coincide
with that previously known as leading to the complete monotonicity of the Mittag-Leffler
function Eα(−x) = E1α,1(−x) (0 < α < 1, [3]) and of the two parameter generalized Mittag-
Leffler function Eα,β(−x) = E1α,β(−x) (0 < α < 1 and β ≥ α, [4]).
The auxiliary function f
γ
α,β
(y) given by the inverse Laplace transform of Eq. (8), if
taken for rational α = l/k < 1, can be written down (see Eq. (2.2.1.19) of [22]) in terms of
the Meijer G-function
f
γ
l/k,β
(y) =
√
lk
(2pi)
k−l
2
l
l
k
γ−β
y1+
l
k
γ−β G
k,0
l,k
(
ll
kkyl
∣∣∣∣∣∣
∆(l, β − l
k
γ)
∆(k, 0)
)
, (10)
where the symbol ∆(n, a) denotes the list of parameters a/n, (a + 1)/n, . . . , (a + n − 1)/n.3
For some values of α, β, and γ the function f
γ
α,β
(y)’s can be expressed in more familiar
ways, e.g.:
(a) if 0 < α = l/k < 1 and β = γl/k > 0, with no further restrictions put on the
parameters β or γ, the functions f
γ
α,γα are proportional to the one-sided Le´vy
stable distributions [16] which explicit forms may be found in [21, 23, 24, 25]
and in references therein,
2A substitution ( f◦g)(x) of a completely monotone function g(x) into another completely monotone function
f (x) leads to the complete monotonicity of the result.
3Eq. (10) is listed without a proof as a special case of formula (2.2.1.19) in [22] taken for for ν = β − l
k
γ
and a = 1.
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(b) for α = 1/2, β = 3/2, and γ = 2 one gets f 2
1/2,3/2
(y) = e−1/(4y) /
√
piy; positive for
y ≥ 0,
(c) f
γ
α,β
(y) may be related to the modified Bessel function of the second kind: α =
1/3, β = 2, and γ = 5 we have f 5
1/3,2
(y) = 1
piy
√
3
K2/3
(
2
3
√
3y
)
, while for α = 2/3,
β = 2, and γ = 2 one finds f 2
2/3,2
(y) = 1√
3piy
e−2/(27y
2) K1/3(
2
27y2
); both being
positive for y ≥ 0.
Examples (a)-(c) illustrate our statement that the three parameter generalized Mittag-
Leffler function E
γ
α,β
(−x) is completelymonotone for x ≥ 0 under the conditions 0 < α < 1,
αγ ≤ β and γ, β > 0 not bounded from above. Positivity check of f γ
α,β
(y) for y ≥ 0 shows
the importance of the condition αγ ≤ β - if it is broken, e.g., by taking α = 1/2, β = 3/2,
and γ = 4 (for which αγ > β) then f 4
1/2,3/2
(y) = (1 − 2y) exp[−1/(4y)]/(4√piy5/2) which
is obviously negative for y > 1/2. Consequently, once more because of the Bernstein
theorem, the function E
γ
α,β
(−x) can not be completely monotone for such choice of para-
meters. Fig. 1 shows how the function f
γ
α,β
(y) behaves for various β with α and γ kept
fixed.
Figure 1. The plot of f
γ
α,β
(y), y > 0, given by Eq. (10) with α = 1/2
and γ = 4/3, for β = 1/3 (the ”wrong” case αγ > β, black line, no. I),
β = 2/3 (the green line, no. II), β = 1 (the blue line, no. III), and β = 5/3
(the red line, no. IV).
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